We rederive and discuss the result of the previous paper that in the standard model θ-term related to W -boson field can not be induced by weak instantons. This follows from the existence of the fermion zero mode in the instanton field even when Yukawa couplings are switched on and there are no massless particles. We consider the new index theorem connecting the topological charge of the weak gauge field with the number of fermion zero modes of a certain differential operator which depends not only on gauge but also on Higgs fields. The possible generalizations of the standard model are discussed which lead to nonvanishing weak θ-term. In SU (2) L ×SU (2) R model the θ dependence of the vacuum energy is computed.
Introduction
In recent years much attention has been paid to the nontrivial topological fluctuations of the weak gauge field (W-boson field). One of the main reasons for that is that the baryon number is violated through these fluctuations due to the axial anomaly in the divergence of the baryon current [1] . The interest to this problem has been particularly enhanced when it was argued that the exponential suppression of baryon non-conservation may be absent at high energies of order of 30 − 50 TeV [2] .
An interesting question which can be raised in relation to this observation is the existence of the "weak θ-term" which would violate CP-invariance in the processes with baryon non-conservation. By the "weak θ-term" we mean the following contribution to the action:
Here W Similar to the "strong θ-term", constructed of the gluon field, the weak θ-term could appear in the action as a result of a diagonalization of the fermion mass matrix. As is well-known this diagonalization requires chiral rotations of fermions. The chiral rotations correspond to anomalous symmetry transformations and, therefore, result in the appearence of the θ-term (1) in the action. Note that in the case of the weak θ-term both quarks and leptons contribute to (1) contrary to the case of strong θ-term where only quarks are involved.
Another reason why one should worry about the weak θ-term is that it can be added to the action "by hands", being renormalizable and conserving all the symmetries of the theory.
The existence of the weak θ-term would lead to CP-violation in the processes with baryon non-conservation. That could have been important for cosmology.
The investigation which we have carried out in the previous paper has shown, however, that the weak θ-term is not observable in the standard model of electroweak interactions [3] . It turns out that since the masses of fermions are generated by spontaneous symmetry breaking the situation is similar to that of the strong θ-term in the presence of massless quarks, where the θ-term is unobservable.
In the latter case vanishing of the strong θ-term in the action is due to the existence of the zero mode of the massless quark in the instanton gluon field. The same arguments have been used in ref. [3] to show the vanishing of the weak θ-term. The existence of the zero mode for massive fermions in weak instanton field has been first discovered in ref. [4] .
It is convenient to describe the problem of weak θ-term using the generalization of the γ 5 invariance, the Γ 5 symmetry, which has been introduced in ref. [3] . The Lagrangian of the weak interactions including the Yukawa interactions is Γ 5 invariant since Γ 5 symmetry trivially reduces in this case to the simple (nonchiral) phase transformations. However the notion of Γ 5 symmetry proves to be useful in order to formulate a new index theorem for an operator generalizing the Dirac operator D / = γ µ D µ for the presence of the Yukawa couplings. In this context Γ 5 symmetry acts rather as a chiral than as a phase transformation. In turn, the index theorem allows to establish the existence of the massive fermion zero mode in the instanton field mentioned above.
In this paper we first consider the problem of the weak θ-term from somewhat different point of view than it has been done in ref. [3] . We rederive the existence of the fermion zero mode and the index theorem proven in ref. [3] .
Then we pass to the main goal of this paper: to find out the conditions under which the weak θ-term can exist and be observable. These conditions lie beyond the standard model and we consider two possibilities. One is an additional Yukawa type interaction explicitly violating baryon number. Another is the leftright symmetric generalization of the standard electro-weak group.
In the first case CP-violation, related to the weak θ-term, is suppressed by a small Yukawa coupling constant of the interaction violating baryon number, in addition to the exponential suppression exp(−8π 2 /g 2 W ) charachteristic for the instanton induced amplitudes. In the second case there is a double exponential suppression: exp(−8π
), where g L = g W is the usual weak coupling constant while g R is the gauge coupling of the additional SU(2) R group. In the latter case one might expect the vanishing of the exponential suppression at energies higher than 8π
is the mass of the SU(2) R gauge bosons) by analogy to the standard model [2] .
The qualitative explanation of the appearence of the θ-term in the SU(2) L × SU(2) R model is the following. In the standard model, with weakly interacting left-handed fermions, the θ-term (1) can not be observable since the rotations of the left-handed fermions would shift θ by an arbitrary constant due to the axial anomaly. The rotations of the left-handed fermions can be compensated here by rotations of right-handed fermions to make the Yukawa couplings invariant to this transformation. Of course, the real cause why θ-term (1) is unobservable in this case is that for non-trivial topological fluctuations of the W -boson field, when the integral (1) does not vanish, the contribution to the partition function from these fluctuatioins vanishes due to the fermion zero mode. (See below).
In the case of the SU(2) L × SU(2) R model the rotation of right-handed fermions, which is necessary to provide the invariance of the Yukawa couplings, induces the θ-term similar to that of eq.(1) but with W a µν changed to the gauge fields of the SU(2) R group and of the opposite sign. If the topological charges in L-and R-sectors are the same two anomalies cancel each other and the initial θ-term can not be rotated out. This implies that the fermion zero mode disappears, the contribution of these gauge field fluctuations to the partition function does not vanish and the θ-term becomes observable.
Weak θ-Term in Standard Model
We consider the simplified version of the standard model, with the weak hypercharge and colour interactions omitted since they are irrelevant to the discussion below. For simplicity we restrict ourselves for the moment by consideration of two weak left-handed chiral fermion doublets, for instance:
Here q L and q L ′ can be either quark doublets with different colour indices, or they may mean quark and lepton doublets. Correspondingly we introduce the singlet right-handed chiral fermions
The generalization for the case of all twelve existing doublets is straightforward.
When the weak doublets are considered in pairs it is possible to pass to the pure vector interaction of fermions with W bosons. To do this we introduce instead of fermion fields q ′ the charge-conjugated fields:
Here ε = iσ 2 acts on the isotopic indices, C is the charge-conjugation matrix. If now one composes two Dirac spinors
then it is obvious that both components of ψ, ψ L and ψ R , are weak doublets while η R and η L are singlets. Therefore only the ψ field has a vector gauge interaction:
Clearly the mixing of the quark and antiquark fields in eq. (4) is very unnatural with respect to colour and electric charge (weak hypercharge). However as it has been already mentioned colour interaction and interaction with the weak hypercharge are irrelevant to the problem considered.
In addition to the gauge interaction (5) we have the Yukawa couplings: 
Using the fields ψ and η of eq.(4) one can rewrite the Lagrangian (6) 
where the mass matrix M(x) is
and (5) and (7) can be rewritten together in the compact form, using the eight-component spinor Ψ:
Then L =ΨT Ψ.
HereT
where L, R = (1 ± γ 5 )/2. Now we are ready to introduce the generalization of the usual γ 5 chirality:
where I is the weak isospin. Obviously Γ 5 = +1 for the left-handed isospinor fermions (2) as well as for the right-handed isoscalar fermions
On the other hand for the eight component fermion field Ψ (9), entering eq.(10), Γ 5 is
The matrix Γ 5 anti-commutes with the operatorT of eq.(11) and with the matrix
Therefore the lagrangian (10) is invariant under the generalized chiral transformations:
We have already mentioned that Γ 5 = +1 for both left-handed and righthanded quarks q, q ′ . In other words for fields q, q ′ the transformations (15) reduce to the phase rotations:
The symmetry under the transformations (15) is a classical symmetry which is violated at the quantum level. To see this we can intrioduce, as usually, the regulator (eight-component) field Ψ reg and to calculate the famous triangle diagram with two external W lines and an insertion of iθM reg Γ 5 in the third vertex. The result is usual: the effective action acquires a contribution ∆S, defined by eq. (1), under the transformation (15). This corresponds to nonconservation of the current J
Coming back from the fields ψ, η to q, q ′ by eqs. (4) we see that the axial current J 5 µ is nothing but the vector baryon current (in accordence with (16)):
so that eq.(17) expresses baryon number violation. Thus we arrive to the conclusion that the weak θ-term appears when the baryon number rotation is performed, exp(iBθ/2), (i.e. the transformation of eq. (16)) and that the appearence of the θ-term is due to baryon number nonconservation.
It is now easy to see that the effective action does not actually depend on the θ-parameter. Suppose that the θ-term is either introduced to the action from the beginning or has appeared due to a certain chiral-type rotations used in diagonalization of the mass matrix. The effective action Γ is expressed through the partition function Z by the following equation:
Here each of the terms Z(Q T ) stands for the sector of the theory with a certain integer topological charge Q T :
We use the euclidean formulation of the theory which is obtained by the standard procedure [5] . It is essential that under the Euclidean rotationΨ → −iΨ + , and the field Ψ + is independent variable of integration rather than the complex conjugated field to Ψ. The notation Ψ + means no more than that it transforms under euclidean O(4) rotations by a complex conjugated spinor representation. However under the generalized chiral rotation (15) Ψ and Ψ + transform as follows
It is just this transformation which leaves invariant the classical euclidean action. The latter can be obtained from eqs. (10) and (11) by euclidean rotation:
The quantity Z(Q T ) is determined by the functional integration over the Higgs and gauge fields
where the fermion determinant ∆ reads as
We can now show that the effective action Γ, eq. (19), is independent on the θ-parameter. To see this we change the variables Ψ and Ψ + in eq. (24) by the rotation (21) with a certain θ = α. Since we already know that this transformation is anomalous the action will acquire an additional θ-term with θ = α, i.e. the initial θ changes: θ → θ + α. That means that for any
So, we have
Thus for any nonvanishing topological charge the contribution Z(Q T ) to the partition function is zero. Only the term with Q T = 0 remains in the sum in eq.(19). For Q T = 0, however, the θ-term (1) vanishes by definition. We see therefore that the effective action Γ does not depend on θ.
Certainly eq.(26) implies that the fermion determinant ∆ vanishes for Q T = 0. This means that quarks have zero modes in the external gauge field with Q T = 0. The existence of fermion zero mode for the topologically nontrivial configuration of the gauge and Higgs fields has been discovered in ref. [4] . The explicit expression has been given for the fermion wave function for the particular case of equal masses of up-and down-quarks. Some more details concerning the zero mode have been presented in our previous paper [3] . We shall rederive now the index theorem which has been formulated in [3] .
Consider the functional integral which differs from eq. (24) by insertion of the several factors of the type:
Obviously under the transformation (21) these factors transform as
Let us insert n + factors Ψ + 1+Γ 5 2 Ψ and n − factors Ψ
Ψ into the integral (24) for Z(Q T ) and denote the resulting integral by Z(Q T , n + , n − ) (Z(Q T , 0, 0) = Z(Q T )). Then under the change of variables given by eq.(21) with θ = α the Green function Z(Q T , n + , n − ) acquires the phase factor
Therefore
The integers n + and n − coincide with the numbers of the left-handed (Γ 5 = +1) and right-handed (Γ 5 = −1) zero modes of the operatorT defined by eq.(23). Indeed consider for example the insertion of the factor Ψ + 1+Γ 5 2 Ψ in the functional integral over fermionic fields (see eq. (24))
Expand Ψ(x) in the eigen functions of the operatorT defined by eq.(23) Ψ into the integral to have nonvanishing result. We see that actually n + = n L and n − = n R , so that
This is the index theorem which has been more rigorously proved in ref. [3] . Thus contrary to the effective action Γ the Green functions of the type of Z(Q T , n L , n R ) may depend on θ-parameter. As it was shown in [3] this dependence, however, is unobservable since the amplitudes
Weak θ-term Through Explicit Violation of Baryon Number
We have seen that θ dependence of the effective action is absent due to Γ 5 invariance of the classical action. To have an ovbservable θ term the Γ 5 invariance should be violated explicitly. On the other hand chiral rotation (15) is nothing but the phase transformation (16) generated by the baryon charge. Therefore to violate the Γ 5 invariance it is necessary to violate the baryon number conservation. For one generation of fermions the simplest effective Lagrangian violating B but conserving electric and colour has the form:
1 Strictly speaking the operatorT is not Hermitian. More accurate consideration is presented in ref. [3] .
where i, j, k are the colour indices, G is the effective coupling constant. We use only the fields with left-handed γ 5 chirality since only left-handed fermions interact with W bosons. Of course in the presence of fermion masses (Yukawa couplings) right-handed fields can also be used.
For three generations of quarks and leptons the effective interaction should be a product of the operators of the type of eq.(36). This product is the same as the t'Hooft effective Lagrangian induced by instantons [1] but in this case the interaction is introduced explicitly.
Certainly the Lagrangian (36) is nonrenormalizable but one can understand it as a low-energy limit for a renormalizable interaction. For instance:
where Φ k is a scalar colour-triplet heavy field. Integarting out Φ k we get the Lagrangian (36).
Obviously in the real world the coupling constant G should be very small and this leads to the additional suppression of the θ dependence of the effective action. It is easy to understand the structure of this dependence. Perturbatibely in expansion in G the Lagrangian (36) and its Hermitian conjugated are inserted into the functional integral and therefore leads to non-vanishing contribution when integrated over c 0 and c + 0 (the Grassman variables corresponding to fermion zero modes). One obtains:
where N is the dimensionless factor of order of unity (N however may contain the powers of the coupling constant g W ), v is the v.e.v. of the standard Higgs field. The term proportional to exp(−iθ) comes from the sector Q T = −1 while the complex conjugated term corresponds to Q T = +1. 
where
The vacuum expectation values of the neutral Higgs bosons < χ
The model can include also several other Higgses which do not interact with fermions but contribute to the masses of W L and W R bosons. Constructing eight-component spinors, as it has been done in sect.2, the fermion Lagrangian can be written in the form of eqs. (22)- (23) but with the modified operatorT : 
Changing the variables Ψ and Ψ + by eq.(21) with θ = α we get instead of eq.(25) 
Here n L and n R are the numbers of the left-handed (Γ 5 = +1) and right-handed (Γ 5 = −1) fermion zero modes of the operator (43).
Consider the case Q L T = Q R T = −1. In the absence of the Yukawa couplings there is one left-handed zero mode (Γ 5 = +1, γ 5 = +1), n L = +1, and one "right-handed" zero mode n R = +1 (Γ 5 = −1 while γ 5 = +1).
In the presence of the Yukawa couplings one can expect, however according to eq.(46), that n L = n R = 0 and there are no zero modes at all. We shall see that this is indeed the case by calculation of the partition function (vacuum energy) using the explicit 't Hooft's solution [1] . The partition function does not vanish in the sector Q L T = Q R T = −1 which means the absence of zero modes. The vacuum energy ǫV 4 (ǫ is the energy density, V 4 is the Euclidean 4-volume) is given by
where the contributions to the partition function Z(Q 
We are now going to determine the dependence of the vacuum energy on θ parameter.
In the rest of this paper we consider the realistic case with 12 weak fermion doublets (3 generations of quarks and leptons). As it has been done in sect.2 we combine the pairs of the Weyl doublets into the Dirac doublets ψ k , η k , k = 1, ..., 6, where ψ and η transform as ψ = (1/2, 0) and η = (0, 1/2). The Yukawa couplings are represented now by the mass matrices of the type of eq. (40) To calculate the integrals (49) we use the anti-instanton gauge fields in the singular gauge (the notations are the same as in ref. [5] ):
. Here x L , x R and ρ L , ρ R are the coordinates of the centres and the sizes of the instantons. One should integrate also over the orientations of the instantons, i.e. actually we use instead of eqs. (51):
and integrate over the constant matrices U L and U R .
After the integration over the Grassman variables corresponding to the fermion zero modes, all the operators ψ Lk (x k ) and η Lk (x k ) are changed to the zero mode wave functions (c-numbers). These wave functions have the form:
Here i, l indices refer to the isospin and the usual spin, correspondingly. The expressions for the wave functions (53) are fixed for the "unrotated" anti-instanton fields (51). Under the rotation (52):
A slightly misleading notation in the second eqs. (53) and (54) are the result that the left-handed (in the usual sense, γ 5 = +1) zero mode η 0L is right-handed in a sense that Γ 5 = −1. It corresponds to the anti-instanton gauge field W R µ,antiinst of the SU(2) R group.
To compute the vacuum energy (49) we should also find the extremum configuration for the Higgs fields and the mass matrices M k (x k ) and M ′ k (x k ). The exact problem which we face now is to solve the equation for the Higgs field χ
where the covariant derivative D µ reads now
Here t a L and t a R are the generators of the SU(2) L and SU(2) R groups and the gauge fields are to be taken from eqs.(51) or (52).
For our purposes we shall consider the situation corresponding to the dilute instanton-antiinstanton gas when
Though this is not justified by the smallness of any physical parameter it seems that the factorized form of the approximate solution which is given below can not lead to a big error for the integral (49). Using 't Hooft's solution [1, 5] one can easily find under the conditions (57)
where the factors f 1 f 2 are
In the vicinity of the center of each instanton only one of the factors f 1 or f 2 survives while the other is approximated by unity and we pass to 't Hooft's solution.
One get from eqs.(58) and (59) for the M(x) matrix for the case of, say, (u, d) quarks
The important point about this solution is that in contrast to the case of the fermion zero modes it is valid not only for the "unrotated" instanton fields (51) but also for fields given in eq.(52). This is due to the fact that though under the rotation of the gauge fields (52) the matrix χ(x) in eq.(55) changes to χ → U L χU We are ready now to write down each the factors in eq.(49). Namely:
The additional factors √ ρ L and √ ρ R in the fermion zero modes in these equations, as compared to eqs.(53), come out of the correct normalization at the integartion over the zero modes [5] . The total expression for the vacuum energy can be obtained now by using the instanton measure
Here v L and v R may differ from v 1 =< χ 
where N F is the number of the fermion doublets of the SU (2) The further calculation of the integrals in eq.(62) are given in Appendix. We present here the final result for the energy density
.
Here the gauge coupling constants g L and g R are taken at the scales v L and v R respectively. Numerically the value of ǫ is very small. Taking g L = g R = 0.637 one has for the exponential suppression: 
Obviously the smallness of that type is typical for the θ dependence of any amplitudes with baryon nonconservation where it could manifest itself by CP violation. However since it is not excluded that the exponential suppression might disappear at multi-TeV energies the problem of θ-term for the SU(2) L × SU(2) R theories could be not completely an academical one. Another question which has been raised before in connection to some astrophysical speculations [6] , is the question of the mass of the arion -"massless" axion, a Goldstone boson not coupled to the strong anomaly [7] . The question is what value of the mass can have arion related to the weak anomaly. Equation (66) immediately gives the answer to this question. Actually arion is nothing but θ angle when it is made to be a dynamical degree of freedom (θ = constant → θ = θ(x)) by widening of the Higgs sector. The normalized arion field a(x) differs from θ(x) by a constant factor, a(x) = V θ(x), where V is the scale of the symmetry breaking accosiated with arion. Typical value of V is V = 10 10 GeV. That leads to the mass of the arion m a = 10 −193/2 10 10 GeV = 10 −98 eV.
This tiny value is much smaller than what has been discussed in ref. [6] (m a ∼ 10 −31 eV corresponding toh/m a c ∼ 100Mpc).
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A Appendix
Consider first one of the factors I ′ k or I k in eqs.(61). The products of the τ ± matrices entering the traces can be simplified as follows
and analogously for the matrices in I k . The reason is that antisymmetric part of τ
can not survive after the integration over x k since it depends only on a single vector (x L − x R ) µ .
We obtain
The factor B can be calculated by the usual Feynman prescriptions:
The last integral is very simple if ρ R → 0 (or ρ L → 0) and equals to
coincides with the expansion of the simple interpolation:
Since in any case we have used for the Higgs field the approximate solution which is valid only if
R the expression (A.5) seems to be quite satisfactory. Next we need to calculate the integral 
it is easy to realize that the result for the integral (A.6) should contain 6 masses of the upper components of the doublets and 6 masses of the lower components. It is also evident that the result is symmetric over all doublets. That fixes uniquely the structure of the integral (A.6):
where N is a numerical factor. In this equation we denote by u 1 ...u 6 (d 1 ...d 6 ) certain 6 upper (down) components of the 12 doublets. P implies the sum over all possible permutations. In the realistic situation one of the terms in (A.7) is the largest. To avoid neutrino masses one should use m e m µ m τ for 3 "down" lepton masses. Then for the remaining quark doublets the mass of d-quark is larger than the mass of u-quark. That fixes the largest term in (A.7):
(A.8)
We denote here bym F "the average" fermion mass. The understanding of the general structure of (A.7) allows to find the numerical factor N. Using (A.7) we can calculate N putting all the masses equal unity. One has from (A.6) and (A.7)
This equation is written down for arbitrary k, actually k = 6 and C k 2k = 924. We have omitted in eq.(A.9) the factor (−1) k but for the general case it is also present in eq. (49) 
where b 1 is the first coefficient of the Gell-Mann-Low function (and the same, of course, for g 2 R (ρ R )). Numerically, b 1 = 22/3 − n f /3 − n H /6 where n F is the number of the weak doublets and n H is the number of the Higgses. For n F = 12 and n H = 2, b 1 = 3. Then we have for the integral over ρ L (we put now k = 6):
(A.14)
This integral converges at ρ L ∼ ρ R ∼ v Rewriting this eq. in terms of the masses of W L and W R bosons we arrive at the expression given by eq.(64).
